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Logistic �.


ut = α∆u+ u[m(x)− u] in Ω× (0,∞),

∂u
∂n = 0 on ∂Ω× (0,∞).

(1.1)

u(x, t): «+�Ý

α: *ÑÇ

m(x): )�Ç

Ω: RN¥k.«�, µ4>.^�
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«+êþ


α∆u+ u[m(x)− u] = 0 in Ω,

∂u
∂n = 0 on ∂Ω.

(1.2)

XJm(x) > 0 �1w��~�¼ê§Ké α > 0,∫
Ω
u >

∫
Ω
m = lim

α→0

∫
Ω
u = lim

α→∞

∫
Ω
u

ýÿµ α > 0 ��«+êþ�u α = 0,∞ ��«+êþ"
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)Ô¢�: DeAngelis et al. 2016
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�'�K

ßÿµ (W.-M. Ni): �3,��~ê C(N) ¦�

1 <

∫
Ω u∫
Ωm

< C(N).

Bai et al. (Proc AMS 2015) y² C(1) = 3 ��Zþ.; é
p��/ÿØ�Ù"

«+êþ�A^: L, JDE 2006; He & Ni, CPAM 2016
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à6�.

¯Kµ ��oÔ«3à6¥U
�¹, 
Ø¬�àYÀrº

Speirs Ú Gourney �. (2001)
ut = Duxx − qux + u(r − u) in (0, L),

Dux(0, t) = qu(0, t), u(L, t) = 0.

(1.3)

u(x, t): Ô«�Ý
D, q > 0: *ÑÚé6Xê
r > 0: Ô«)�Ç
L > 0: à6�Ý
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à6�.

P λ1 �±e¯K���A��
Dϕxx − qϕx + (r + λ)ϕ = 0, 0 < x < L,

Dϕx(0)− qϕ(0) = ϕ(L) = 0.

(1.4)

*	µÔ«�¹
⇔ ²ï) u = 0 Ø­½
⇔ λ1 < 0.
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à6�.

λ1 < 0

⇔D >
q2

4r
� L > L∗ :=

π − arctan

(√
4Dr−q2
q

)
√

4Dr
2D
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à6�.

P
L := inf

D>0
L∗(D)

XJ L ≤ L, Ké?Û�*ÑXê D, Ô«þÃ{�¹¶

XJ L > L, K�3 0 < D < D ¦�Ô«�¹��=�
D ∈ (D,D). £¥Tg�?¤

ßÿµ�3���*ÑXê D∗ ´�ZüÑµ=XJ,�«+

�*ÑXê´ D∗, @o?ÛÙ¦Ô«ÑØU�OTÔ«"

D∗: Nash þï:"
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�Z*ÑüÑ

¯Kµ XÛ(½”�`”�*ÑüÑº

?z­½üÑ (Evolutionary stable strategy, {�¤ESS)µX
JÓ+Ný�õê��NÀJ?z­½üÑ§@o��âC
+NÃ{�\�ù�+N (J.-M. Smith & N. Price)

ESS: î� Nash þï:
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Logistic �.


ut = α∆u+ u[m(x)− u] in Ω× (0,∞),

∂u
∂n = 0 on ∂Ω× (0,∞).

(2.1)

u(x, t): «+�Ý

m(x): )�Ç

α: *ÑÇ£üÑ¤

Ω: RN ¥k.«�§µ4>.^�
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¿��.

Dockery et al. (1998, JMB)
ut = α1∆u+ u[m(x)− u− v] in Ω× (0,∞),

vt = α2∆v + v[m(x)− u− v] in Ω× (0,∞),

∂u
∂n = ∂v

∂n = 0 on ∂Ω× (0,∞).

(2.2)

u(x, t): üÑ� α1 �”èÍ” Ô«

v(x, t): üÑ� α2 �âCÔ«

¯KµXJ α1 6= α2, ¬u)�oº

¢� Some reaction diffusion models in spatial ecology



ü�Ô« ¿�Ô« ëY«+�. #�A��¯K

¿��.

Dockery et al. (1998, JMB)
ut = α1∆u+ u[m(x)− u− v] in Ω× (0,∞),

vt = α2∆v + v[m(x)− u− v] in Ω× (0,∞),

∂u
∂n = ∂v

∂n = 0 on ∂Ω× (0,∞).

(2.2)

u(x, t): üÑ� α1 �”èÍ” Ô«

v(x, t): üÑ� α2 �âCÔ«

¯KµXJ α1 6= α2, ¬u)�oº

¢� Some reaction diffusion models in spatial ecology



ü�Ô« ¿�Ô« ëY«+�. #�A��¯K

±·�Ä: Evolution of slow movement

½n (Dockery et al. 1998)

b�m > 0 �ëY�~�¼ê"XJ α2 < α1, K�²�²ï)
(0, v∗) ´�ÛìC­½�, Ù¥ v∗ > 0 ÷v

α2∆v + v (m(x)− v) = 0 in Ω,

∂v
∂n = 0 on ∂Ω.

(2.3)

*ÑüÑµ¦�Uú�:�
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¿�, CÉÚüC

*ÑXê�üC
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üNÄåXÚnØ

üÔ« Lotka-Volterra ¿�XÚ´üN�"

üNÄåXÚnØ: Hirsch, Matano, Polacik, Takac, Thieme
& Smith, Jiang, Dancer & Hess, Hsu, Smith & Waltman,
Jiang, ù, & Zhao, �è & Zhao...

�²�²ï)µ (u∗, 0) Ú (0, v∗)

XJXÚØ�3��²ï)§@o£ÛÜ¤­½��²�²
ï)´�Û­½�"
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�õ¿�Ô«

�ÄK-Ô«¿�XÚ
ui,t = αi∆ui + ui

(
m−

∑K
i=1 ui

)
in Ω× (0,∞),

∂ui
∂n = 0 on ∂Ω× (0,∞)

(2.4)

¯Kµ b�m > 0 �½Â3 Ω̄ þ��~�¼ê"XJ
α1 < α2 < ... < αK �K ≥ 3, ²ï) (u∗, 0, ..., 0) �ÛìC
­½íº

Túm¯K�8ÿ�)û§Ïn�½�õÔ«�¿�XÚ�üN"
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à6¥�*ÑüÑ

à6¥�¿��.:
ut = α1uxx − qux + u(m− u− v) 0 < x < L, t > 0,

vt = α2vxx − qvx + v(m− u− v) 0 < x < L, t > 0,

α1ux − qu = α2vx − qv = 0 at x = 0, L.
(2.5)

¯KµXJ α1 6= α2, ¬u)�oº
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±Ä�·: Evolution of fast movement

½n

b�m ��~ê£þ!�¸¤� α1 > α2. XJ�²�²ï)
(u∗, 0) �3§K´�Û­½�§Ù¥ u∗ > 0 ÷v

α1uxx − qux + u(m− u) = 0 0 < x < L,

α1ux(0)− qu(0) = α1ux(L)− qu(L) = 0.

�Z*ÑüÑµ¦�U¯�:�

L. & Lutscher (JMB 2014); L. & ±+ (JDE 2015)
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>.^��K�



ut = α1uxx − qux + u(m− u− v) 0 < x < L, t > 0,

vt = α2vxx − qvx + v(m− u− v) 0 < x < L, t > 0,

α1ux − qu = α2vx − qv = 0 at x = 0,

u = v = 0 at x = L.

ßÿµb�m ��~ê£þ!�¸¤§K�3 α∗ > 0 ¦�e
α1 = α∗ � α2 6= α∗, �²�²ï) (u∗, 0) ´�ÛìC­½�"

XJ*Ñ�Ç��½��§Ô«ÒÃ{)�"

α∗ �?z­½üÑ (ESS).

¢� Some reaction diffusion models in spatial ecology



ü�Ô« ¿�Ô« ëY«+�. #�A��¯K

>.^��K�



ut = α1uxx − qux + u(m− u− v) 0 < x < L, t > 0,

vt = α2vxx − qvx + v(m− u− v) 0 < x < L, t > 0,

α1ux − qu = α2vx − qv = 0 at x = 0,

u = v = 0 at x = L.

ßÿµb�m ��~ê£þ!�¸¤§K�3 α∗ > 0 ¦�e
α1 = α∗ � α2 6= α∗, �²�²ï) (u∗, 0) ´�ÛìC­½�"

XJ*Ñ�Ç��½��§Ô«ÒÃ{)�"

α∗ �?z­½üÑ (ESS).

¢� Some reaction diffusion models in spatial ecology



ü�Ô« ¿�Ô« ëY«+�. #�A��¯K

>.^��K�



ut = α1uxx − qux + u(m− u− v) 0 < x < L, t > 0,

vt = α2vxx − qvx + v(m− u− v) 0 < x < L, t > 0,

α1ux − qu = α2vx − qv = 0 at x = 0,

u = v = 0 at x = L.

ßÿµb�m ��~ê£þ!�¸¤§K�3 α∗ > 0 ¦�e
α1 = α∗ � α2 6= α∗, �²�²ï) (u∗, 0) ´�ÛìC­½�"

XJ*Ñ�Ç��½��§Ô«ÒÃ{)�"

α∗ �?z­½üÑ (ESS).

¢� Some reaction diffusion models in spatial ecology



ü�Ô« ¿�Ô« ëY«+�. #�A��¯K

>.^��K�



ut = α1uxx − qux + u(m− u− v) 0 < x < L, t > 0,

vt = α2vxx − qvx + v(m− u− v) 0 < x < L, t > 0,

α1ux − qu = α2vx − qv = 0 at x = 0,

u = v = 0 at x = L.

ßÿµb�m ��~ê£þ!�¸¤§K�3 α∗ > 0 ¦�e
α1 = α∗ � α2 6= α∗, �²�²ï) (u∗, 0) ´�ÛìC­½�"

XJ*Ñ�Ç��½��§Ô«ÒÃ{)�"

α∗ �?z­½üÑ (ESS).

¢� Some reaction diffusion models in spatial ecology



ü�Ô« ¿�Ô« ëY«+�. #�A��¯K

n�gd©Ù: Ideal free distribution (IFD)

Fretwell & Lucas (1970): 3ÑE/¥§Ô«ATXÛ©Ù?

b� 1µÔ«éÑE/�µ�´/n��0

b� 2µÔ«�±/gd0£Ä

ýÿµ Ô«�©Ù�]
©Ù´¤'~�
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n�gd©Ù ( IFD)

Milinski (1979), 5~�?z­½r�üÑ Z. Tierosychol
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Logistic �.


ut = α∆u+ u [m(x)− u] in Ω× (0,∞),

∂u
∂n = 0 on ∂Ω× (0,∞).

(2.6)

e u(x, 0) ��§@o� t→∞ �§ u(x, t)→ u∗(x;α)

¯Kµu∗ ´n�gd©Ùíº=

m(x)

u∗(x;α)
=~ê?
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Logistic �.: ±·�Ä

Logistic �.
α∆u∗ + u∗(m(x)− u∗) = 0 in Ω,

∂u∗

∂n = 0 on ∂Ω.

(2.7)

é α > 0 Ãn�gd©Ù¶ m(x)
u∗(x;α) 6≡ ~ê"�´...

lim
α→0

m(x)

u∗(x;α)
= 1.

Ô«*Ñ�Ç��§Ù©Ù��Cn�gd©Ù"
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à6�.:±Ä�·

u∗ > 0 ÷v
αu∗xx − qu∗x + u∗(m− u∗) = 0 in (0, L),

αu∗x(0)− qu∗(0) = αu∗x(L)− qu∗(L) = 0.
(2.8)

é α > 0Ãn�gd©Ù¶ m
u∗(x;α) 6≡~ê"em�~ê, K

lim
α→∞

m

u∗(x;α)
= 1.

Ô«*Ñ�Ç��§Ù©Ù��Cn�gd©Ù"
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Perthame-SouganidisëY«+�.


ut = α∆xu+ u[m(x)− û] + ε2uαα in Ω× (α, α)× (0,∞),

∂u
∂n = 0 on ∂Ω× (α, α)× (0,∞),

uα = 0 α = α, α.
(3.1)

u(x, α, t): üÑ� α �Ô«�Ý

α ∈ [α, α]: 0 < α < α

ε2uαα: «+CÉ

¤kÔ«�o�Ý: û(x, t) =
∫ α
α u(x, α′, t) dα′
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ìC1�

¯Kµ � ε→ 0 �§²ï) uε(x, α) �ìC1�º

α∆xu+ ε2uαα + u

[
m(x)−

∫ α

α
u(x, α′) dα′

]
= 0.

£�µ

m ≡ C �: uε(x, α) ≡ C/(α− α), ∀ε > 0.

m �~�¼ê: � ε→ 0 �§3©Ù¿Âe

uε(x, α)→ u∗(x, α) · δ(α− α)

ε = 0: ?¿ α0 ∈ [α, α], u∗(x, α0) · δ(α− α0) ´²ï)"

ε > 0 �¿©�: ²ï) uε ´��� (Lam, 2017 CVPDE).
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Ô«8ày�

½n (Lam & L., JFA 2017)

�3 C1 > 0, Õáu ε > 0, ¦�

uε(x, α) ≤ C1ε
−2/3 exp

(
−α− α

ε2/3

)
.

¿�§� ε→ 0 �§∥∥∥∥ε2/3uε(x, α)− u∗(x, α) · η∗
(
α− α
ε2/3

)∥∥∥∥
L∞(Ω×(α,α))

→ 0

Ù¥ η∗(s) = C2 Airy(C3s− C4), Ci > 0.

3©Ù¿Âe§� ε→ 0 �

uε(x, α)→ u∗(x, α) · δ(α− α).
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Perthame & Souganidis

Perthame & Souganidis (2016)
α(τ)∆xu+ ε2uττ + u(m(x)− û) = 0 in Ω× [0, 1],

∂u
∂n = 0 on ∂Ω× [0, 1],

u is 1-periodic in τ,

Ω : k.1wà«�¶α(τ) ´'u τ ±Ï� 1 ��¼ê"

Perthame & Souganidis y²3©Ù¿Âe,� ε→ 0 �

u(x, τ)→ u∗(x, α∗) · δ(τ − α(τ∗)),

Ù¥ α(τ∗) = min0≤τ≤1 α(τ).
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∂u
∂n = 0 on ∂Ω× [0, 1],

u is 1-periodic in τ,

Ω : k.1wà«�¶α(τ) ´'u τ ±Ï� 1 ��¼ê"

Perthame & Souganidis y²3©Ù¿Âe,� ε→ 0 �

u(x, τ)→ u∗(x, α∗) · δ(τ − α(τ∗)),

Ù¥ α(τ∗) = min0≤τ≤1 α(τ).

¢� Some reaction diffusion models in spatial ecology



ü�Ô« ¿�Ô« ëY«+�. #�A��¯K

à6�.: ê��[(J�


ut = αuxx − ux + ε2uαα + u(m− û) x ∈ (0, 1), α ∈ (0.5, 1.5)
αux − u = 0 x = 0, 1, t > 0
u = 0 α = 0.5, 1.5, t > 0

�[
∫ 1

0 u(x, α, t)dx é α ��65µ

m(x) = e(1−a)x+ax2 , ε = 10−3, a = −1/4
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à6�.: ê��[(J�

�ÄXe�§§
ut = αuxx − ux + ε2uαα + u(m− û) x ∈ (0, 1), α ∈ (0.5, 1.5)
αux − u = 0 x = 0, 1, t > 0
u = 0 α = 0.5, 1.5, t > 0

�[
∫ 1

0 u(x, α, t)dx 'u α ��65µ

m(x) = e(1−a)x+ax2 , ε = 10−3, a = 1/4
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*ÑüÑ

P u = u(x, α, t):
ut = αuxx − ux + u(m(x)− û) + ε2uαα x ∈ [0, L], α ∈ I

αux − u = 0 x = 0, L, α ∈ I

u = 0 x ∈ (0, L), α = α, α

Ù¥ I = (α, α), û(x, t) =

∫ α

α
u(x, α, t) dα.

é?¿ ε 9 u0(x, α) ∈ C([0, L]× [α, α]), )�Û�3"

¯Kµ � ε→ 0 �§²ï) uε(x, α) �ìC1�º
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*ÑüÑ
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ü��§

üÔ«�.
θt = αθxx − θx + θ(m(x)− θ) 0 < x < L, t > 0

αθx − θ = 0 x = 0, L, t > 0

m(x) > 0: Hölder ëY

é?¿ α > 0, �3����­�): θα(x)
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üÔ«¿��.


ut = α1uxx − ux + u(m− u− v) x ∈ (0, L), t > 0

vt = α2vxx − vx + v(m− u− v) x ∈ (0, L), t > 0

µ4>.^�

(θα1 , 0) �­½5: ÌA�� λ = λ(α1, α2) �ÎÒ§{
α2ϕxx − ϕx + (m− θα1)ϕ = λϕ x ∈ (0, L),
α2ϕx − ϕ = 0 x = 0, L

é¤k α̂§ λ(α̂, α̂) ≡ 0 �

λ(α1, α2)

{
> 0 (θα1 , 0)Ø­½
< 0 (θα1 , 0)­½
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üÔ«¿��.
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Æ�Ø

λ(α1, α2): üÑ α2 �£�, n«�¹

4à�üÑ£ü> Dirac Mass¤

∂λ
∂α2

(α̂, α̂) 6= 0

?z­½üÑ£SÜ Dirac Mass¤

∂λ
∂α2

(α̂, α̂) = 0 � ∂2λ
∂α2

2
(α̂, α̂) < 0

?z©|:£V> Dirac Mass¤

∂λ
∂α2

(α̂, α̂) = 0 � ∂2λ
∂α2

2
(α̂, α̂) > 0
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Case 1: ∂λ
∂α2
6= 0 - ü> Dirac

½n (Hao, Lam & L., Indiana Univ. Math J.)

XJ ∂λ
∂α2

(α̂, α̂) < 0, α̂ ∈ I = (α, α)§� |I| ¿©�§K?¿�²
ï) uε : Ω× I → R 3©Ù¿Âe÷v

uε(x, α)→ δ0(α− α) · θα(x) � ε→ 0;

=, *Ñ���Ð"

aq/§XJ ∂λ
∂α2

(α̂, α̂) > 0, K�) uε 8¥u α, =*Ñ�

¯�Ð"
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Case 2:Âñ­½üÑ

½Â

¡ α̂ ´��Âñ­½üÑ (convergence stable strategy), XJ

∂λ
∂α2

(α̂, α̂) = 0 � d
ds

[
∂λ
∂α2

(s, s)
] ∣∣∣
s=α̂

< 0.

ü«f�¹:

Case 2A: ?z­½üÑ(ESS)µ

∂λ
∂α2

(α̂, α̂) = 0, d
ds

[
∂λ
∂α2

(s, s)
] ∣∣∣
s=α̂

< 0, �

∂2λ
∂α2

2
(α̂, α̂) < 0.

Case 2B: ?z©|:(BP):

∂λ
∂α2

(α̂, α̂) = 0, d
ds

[
∂λ
∂α2

(s, s)
] ∣∣∣
s=α̂

< 0, �

∂2λ
∂α2
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Case 2A: ?z­½üÑ(ESS)

¡ α̂ � ESS, XJ§ØU�?ÛØÓ�üÑ α 6= α̂ ¤\�§
=

é¤k α ≈ α̂� α 6= α̂,k λ(α̂, α) < 0.

¯Kµ α̂ UÄ3Ã�õüÑ α ¥Óâ`³?

½n (Hao, Lam & L. 2017)

b� α̂ � ESS. XJ α̂ ∈ I � |I| ¿©�§K?¿�²ï) uε 3
©Ù¿Âe÷v

uε(x, α)→ δ0(α− α̂) · θα̂(x) � ε→ 0.
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Case 2B: ?z©|:(BP)

½n (Hao, Lam & L. 2017)

b� α̂ � BP. XJ α̂ ∈ I � |I| ¿©�§K�²ï) uε 3©Ù
¿Âe÷v, � ε→ 0 �,

uε(x, α)→ δ0(α− α) · u1(x) + δ0(α− α) · u2(x).

Ù¥ (u1, u2) ÷v
αu1,xx − u1,x + u1(m− u1 − u2) = 0 x ∈ (0, L),
αu2,xx − u2,x + u2(m− u1 − u2) = 0 x ∈ (0, L),
αu1,x − u1 = αu2,x − u2 = 0 x = 0, L.

(Øµ3?z©|:NC§vk?ÛüÑ α Óâýé`
³"��§ü«4à�üÑ α, α /¤
��é�§�ÓÌ
�X¿�"��o?
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�'êÆóä

�A*Ñ�§, �ÛÜ�§, üNÄåXÚ, C©{, �`�
�, Hamilton-Jacobi �§, ý��fA��nØ

n�gd©Ù, �mÆ�Ø, ¿�-CÉ�.

¢� Some reaction diffusion models in spatial ecology



ü�Ô« ¿�Ô« ëY«+�. #�A��¯K

ÌA��: Principal eigenvalue


−∆ϕ+Av · ∇ϕ+ c(x)ϕ = λ(A)ϕ in Ω,

∂ϕ
∂n = 0 on ∂Ω, ϕ > 0 in Ω.

v(x): C1 �þ|; c(x) ∈ C(Ω̄)

minΩ̄ c ≤ λ(A) ≤ maxΩ̄ c

'�µλ(A) �ÎÒ
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®kó�

Dirichlet >�^�: Wentzell (75), Devinatz, Ellis, Friedman
(73/74), Berestycki, Hamel 9 Nadirashvili (05)...

�þ!0�¥1ÅDÂµXin(92,02), Fannjiang and
Papanicolaou (94), Wentzell 9 Freidlin (98)...

6N¥»��DÂ/K«µConstantin, Kiselev, Ryzhik,
Zlatos...

à6)�XÚµLutscher, Lewis...
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6�©)

Hodge ©):
v = v0 +∇b,

Ù¥ ∇ · v0 = 0, v0 · n|∂Ω = 0 �Ø�Ø 6"

1784 C. G. THOMAS, P. NITHIARASU AND R. L. T. BEVAN

Figure 8. Flow in a lid-driven cavity. Pressure contours: (a) Re=100; (b) Re=1000; and (c) Re=5000.

Figure 9. Flow in a lid-driven cavity. Streamtrace contours: (a) Re=100; (b) Re=1000; and (c) Re=5000.

C is excellent. The velocities plotted along the vertical and horizontal centrelines are shown in
Figures 6 and 7. Again, the results show that the results on Meshes A, B, and C are in excellent
agreement with each other and with the GG solution.

The lid-driven cavity problem is also solved at Re=100,400, 1000, 2000, 3200 and 5000. The
results for some selected Reynolds numbers are given in Figures 8–11. Pressure contours are given
in Figure 8 and stream-trace plots are given in Figure 9 for different Reynolds numbers on the
Mesh C. The contours are generally smooth and are without any major oscillations. Other meshes
employed have also produced similar results.The results shown in Figures 8 and 9 are in very good
agreement with GG solution and also with other methods. It is important to note that at Re=5000
the expected secondary recirculation at the bottom right corner is clearly predicted. This shows
that the method presented is robust.

For a quantitative evaluation of the performance of the CBS-LCG scheme, the velocity compo-
nents along the mid centrelines are compared with the benchmark solution by Ghia et al. [41]. The
velocity distributions at various Reynolds numbers are given in Figures 10 and 11 for Mesh B.

Copyright q 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2008; 57:1771–1792
DOI: 10.1002/fld
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Ø�Ø 6

½n (Berestycki, Hamel & Nadirashvili (CMP 2005))

b� v �Ø�Ø 6§K

lim
A→∞

λ(A) = inf
ϕ∈I

∫
Ω(|∇ϕ|2 + c(x)ϕ2)∫

Ω ϕ
2

,

Ù¥ I = {ϕ ∈ H1(Ω) : ϕ 6= 0,v · ∇ϕ = 0 a.e. in Ω}.

´�§
λ(0) ≤ λ(A) ≤ lim

A→∞
λ(A).

¯Kµ λ(A) 'u A üNí?
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λ(A) �üN5

½n (4W & L. 2017)

b� v �Ø�Ø 6§K ∂λ
∂A ≥ 0 ∀ A ≥ 0. ¿�§

e∇ϕ0 · v 6≡ 0, K ∂λ
∂A(A) > 0 ∀ A > 0;

e∇ϕ0 · v ≡ 0, K λ(A) ≡ λ(0) ∀ A > 0.

Ù¥ ϕ0 ÷v {
−∆ϕ0 + c(x)ϕ0 = λ(0)ϕ0 in Ω,
∂ϕ0

∂n = 0 on ∂Ω, ϕ0 > 0 in Ω.
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³6: v = −∇m :


−∆ϕ−A∇m · ∇ϕ+ c(x)ϕ = λ(A)ϕ in Ω,

∂ϕ
∂n = 0 on ∂Ω, ϕ > 0 in Ω.

λ(A) 'u A ��ØüN"

½n (Chen & L. (Indiana Math Univ. J, 2008))

b�m ∈ C2(Ω̄) �m �¤k4�:�òz§K

lim
A→∞

λ(A) = min
x∈M

c(x),

Ù¥M ´dm �ÛÜ4��:�¤�8Ü"
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òz�¹, úm¯K


−∆ϕ−A∇m · ∇ϕ+ c(x)ϕ = λ(A)ϕ in Ω,

∂ϕ
∂n = 0 on ∂Ω, ϕ > 0 in Ω.

$bÚ±j�ïÄ
òz�/ (Indiana Univ. Math J., to
appear): Ω = (0, 1) �m(x) �4�:�±�¹õ��«
m"

¯Kµ é��� v: lim
A→∞

λ(A) �3íºe�3§4�´�

oº
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A��Ú*ÑXê


−D∆ϕ+ v · ∇ϕ+ c(x)ϕ = λ(D)ϕ in Ω,

∂ϕ
∂n = 0 on ∂Ω, ϕ > 0 in Ω.

v = 0 :

λ(D) 'u D üNO\

lim
D→0

λ(D) = min
Ω̄
c(x)

lim
D→+∞

λ(D) = 1
|Ω|
∫

Ω c(x)
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³6: v = −∇m :

½n (Chen & L. (Indiana Univ. Math J. 2012))

b�3 ∂Ω þ |∇m| 6= 0 �m �¤k4�:�òz§K

lim
D→0

λ(D) = inf
x∈Σ1∪Σ2

{
c(x) +

1

2

N∑
i=1

(
|κi(x)|+ κi(x)

)}
.

Ù¥ {
Σ1 = {x ∈ Ω : |∇m(x)| = 0};
Σ2 = {x ∈ ∂Ω : |∇m(x)| = ∇m(x) · n(x) > 0}.

� x ∈ Ω �§κi(x) � D2m(x) �1 i �A��¶

� x ∈ ∂Ω �§κi(x) � D2m∂Ω(x) �1 i �A��§Ù¥
m∂Ω(x) �m(x) 3 ∂Ω þ���"
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úm¯K


−D∆ϕ+ v · ∇ϕ+ c(x)ϕ = λ(D)ϕ in Ω,

∂ϕ
∂n = 0 on ∂Ω, ϕ > 0 in Ω.

Ø�Ø 6 vµ

λ(D) 'u D üNO\íº

��� v: λ(D) 'u�*Ñ D �ìC1�?
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Soc., 2005

Ø�Ø 6rz·Ü (Enhanced mixing): Constantin, Kiselev,
Ryzhik, Zlatoš, Ann. Math, 2008

A���­ü (rearrangement) Ø�ªµ Hamel, Nadirashvili,
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